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Abstract-A parametrizcd six-tidd variational principle for micropolar compressible linear das
ticity is presented. The primary variables are symmetric and skew stresses. symmetric and skew
strains. micropolar rotations and displacements. The governing functional is characterized by six
free parameters. The Cllnnection between this formulatIOn ,md the functionals with relaxed stress
symmetry and independent n>lations fields proposed by Reissner and Hughes-Brezzi for classical
(non-polar) linear elasticity is e.xamined. It is shown that the Hughes-Brezzi functionals arc special
cases of the par,lmetrized fum:tional but that the Reissner functionals are not. The former may bc
interpreted as a regularization (consistent stabilization) of the Reissner functionals that places them
within the framework of micropolar elasticity. An eight-field parametrized principle that accounts
for couple stresses is briefly described in the Appendix.

I. GOVERNING EQUATIONS

Consider a compressihle linear micropolar hody under static loading that occupies the
volume V. The hody is hounded hy the surface S. with outw,trd external normal 11,. The
surface is decomposed into S: S" u .II,. Displacements are prescribed on .'i,t while surface
tractions are prescrihed on SI' Rectangular Cartesian coordinates will he used throughout.
The four unknown volullle fields are the displ,lIxment vector II" the infinitesimal strain
tensor i'". the stress tensor r". and the (antisymmctric) microrotation tensor 0". The stress
and strain tensors are not symmetric. The symmetric and antisymmetric parts of the stress
tensor are IT" and .1'". respectively. The symmetric and antisymmetric parts of the strain
tensor arc e" and 1/)". respectively. The antisymmetric tensor of infinitesimal rotations (also
called macrorotations) is w".

The problem data include: thc body force field h, per unit of volume in V. body couples
(", per unit volume in V, prescribed displacements ti, on S". and prescribed surface tractions
t~onS,.

The governing field elJuations fix an isotropic micropolar continuum without couple
stresses arc written below following Novacki (1970). with some notational changes. In the
following eq uatiol1s. (j" is the Kronecker delta. /;"k denotes the perm uta tor symbol (C:'Jk = + 1
or -I if i,.i. k arc distinct and form a positive or negative permutation. respectively, of I.
2. 3; else D"k = 0). ). and JI arc the Lame codlicients, and K is a micropolar modulus that
relates the antisymmetric tensors 1/>" and .1',,. In addition, a comma denotes the partial
derivative with respect to the space coordin~ltewhose index follows.

Strain ~displacementand rotation-displacement equations in V:

'/'} = II}., - 0" = e
"
+w'} - O,} = e'J + 4>,}.

w" = )(11,., -II,.,).

e" == )(i',,+i',,) = )(11,.,+11,).

tP" = )(i',,-i',,) = j(II}.,-II,)-IJ" = w"-O,,.

Constitutive equations in V:

r " = {Jt + l\)i'II + (JI-I\)i'" + )'(j" i'a = ai, + .1'",

IT" = j (r" + r ,,) == 2,te,} + ).15'J eu .

.1'" == j(rl/-r,,) == 21\(p.,.

2701)
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Equilibrium equations in V:

Stress boundary conditions on 5, :

Displacement boundary conditions on Sci :

(3 )

(4)

(5)

The foregoing equations apply if the presence of the couple stresses m" is neglected, The
variational treatment is extended to that case in the Appendix,

For completeness. and to facilitate corn:lation with other references. eqns (I )--(5) arc
restated below in direct (index-free) tensor notation:

w == ltV - VI)U == skew (VU),

e == ~(\7 +VI)U == SYll1111 (Vu) == symll1 r.

(p == w-(J = ltV - Vi )u-·(J == skew (Vu--(}) = skew y.

r == (JI+":)Y+(jl-l-.:)l+).I traccy == (1+S,

cr = SYllllll r = 2JlC +;.I tran: y.

s = skew r = 21-.:cP.

divr+b = div(cr+s)+b = (),

2 axial r+c == O.

r" = t on St.

III V (6)

Here an underlined bold symbol denotes a second order or higher tensor. This convcntion
is used to distinguish tensors from their vectorimatrix representations introduct:d in Section
2.1. No such distinction is needed for vt:ctors such as u.

, NOTATION

2.1 ..\lalrix Ilotalioll

To facilitate the construction and manipulation of variational matrix t:xprcssions.
stresses and strains will be arranged as column vectors constructed from tht: respectin:
tensors. The arrangement rules vary according to the symmetry properties and are best
illustrated by specific examples.
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For symmetric stress and strain tensors:

0"11 ell

0" ee e:1

["" 0" I e :::] "" ~ 0" 33 [e" el e e,,] eJJ

~ = O"le (J :.:.
0" e3

~ = ele e:'1
::: = e = lee3

0" 13 0" e3 IT 3.1 el3 ee3
leJIIT 3I

0" I e 2e'e
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(7)

where lTJI = 0"1.1 and eJI = elJ' The factor 01'2 in e maintains the equivalence of the stress
strain inner products: cf. (12) below.

For antisymmetric (skew) stress and strain tensors:

,~[-~"
SI e ,,,] f"} ~~[-~"

¢Ie ¢,'] r'}0 Se 1 =5= SJI • 0 ¢ e' = ¢ = 2¢ .1 I •

-SIJ -S:!J o Sic -¢11 -¢:J o 2¢le

(1\)

O~[_~I"
{} I e

"''] t"'} "' ~[-::," WI! w,,] rw,,}
0 O! 1 = 0:= 2011 • 0 W e 1 = w::: 2w.II •

-Oil -o! \ o 20 I! -W l l -W!1 o 2w I!

(9)

where S II == - S II and IPJ I = - IP 11' The factor of 2 applies only to kinematic skew
(rotational) tensors. and again maintains inner produ<.:t e4uivalen<.:e; d. (12) below.

For general (unsymmctri<.:) stress and strain tensors:

r II III

r 2.2 0'
J 22

! I 1 In

[,,, ! I e ",] !! J

[~"
i'11 ~,,] " :!J

~ = rei r 22 !!l = t' = ! 1 I Y = I' Ie! ::J = Y= i'l I (10). • I

r 1 I r 1! r! ! r I! III i' J:' fJI I I!

! J! In

r I I III

!! I ,'! I

With these conventions operations between tensors of equal type can be easily trans
lated to matrix form. For example. the inner products

( I I)

Problems arise. however, in combining different types. For example. t' == a+s is an in
consistent matrix operation because vectors a and s have different dimensions. This difficulty
can be circumvented by introducing "uncompressed" versions. in which components of
symmetric and skew tensors are arranged as general tensors:

SAS 29:22-C
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all 0 1:'11 0

a:: 0 1:'" 0

a,1 0 e'1 0

a 21 s 21 l:' ~ l ¢c3

*a = a31 *s = S'1 *e = e J I *4J = ¢31 ( 12)

a lc .1'12 e 12 ¢Ic

a c3 -S21 e ~ 1 -<P C l

a1[ - Sl l e'l -<Pll

a l 2 -Sl: e 12 -¢ Ic

Furthermore. t = *t and }' = *}': thus no distinction is needed there. This convention will
let us consistently expand expressions such as the inner product of total stresses and strains:

(13 )

2.2. Alatrix form ofgol'l:'rning equations

Using the matrix notation of Section 2.1. field equations (I )-(3) may be represented
as follows:

Strain-displacement equations:

y=*e+*4J. c=Du. 4J=w-(}=Ru-O.

Constitutive equations:

t = *(f + *s. (f = Ec. s = G4J.

Equilibrium equations:

D ' I1+R 's+b = n. 2s+c = n.

( 14)

( 15)

( 16)

In the above equations.

(1/(h I 0 ()

0 DIDx c 0

0 0 a/Dx,
0 = (llux l

II'(;I'X I ()

() DIDx, tJ/(lx~

D/i"'1 x , 0 Dj(lx I

(lji"x I

-2/(lXJ

o
( 17)

arc the symmetric gradient and curl operators. respectively. in matrix form. and

;.+ 211 II II 0 () ()

II ;.+ 211 Jl () 0 0

;.+ 211 () () ()

G ~ ,[~
0

~l
II II

E=
0 () 0 0 0 I ( 18)

II

() () () () 0
()

II

0 () 0 0 0 Ii

In the sequel E and G arc not restricted to these isotropic forms but can be arbitrary non
singular symmetric matrices. This allows anisotropy in the constitutive equations. subjected
however to the restriction that the pairs (a. e) and (s. y) remain constitutively uncoupled.

For future usc. introduce the constitutive matrix C that relates t to y:
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T = Cy. C = [~ ~J.

:!713

( 19)

2.3. Reduction to classical elasticity
Micropolar elasticity reduces to classical linear elasticity if the coupled body force c

vanishes. If so. the second equilibrium equation 2s+c = 0 shows that s = O. and
t = O'+s = 0' is symmetric. Under the assumption that G is non-singular. the second
constitutive equation in (16) gives tP = G-1s = O. and y = e+tP = e is symmetric.
Furthermore. (J = w. that is. microrotations and continuum-mechanics rotations coalesce.

2.4. Field dependency
For the investigation of variational methods in Sections 3 and 4. the field-dependency

notational conventions used by Felippa (1989a. b.c. 1992) and Felippa and Militello (1989.
1990) are followed. An independently varied field will be identified by a superposed tilde.
for example u. A dependent field is identified by writing the independent field symbol as a
superscript. For example. if the displacements are independently varied. the derived sym
metric strain and stress fields are

e" = Du. 0'" = Ee" = EDu. (20)

Using this convention. tildeless symbols such as u. c and (1 are reserved for the exact or
l!('1/('ric fields. If a symbol derives from two independently varied fields. both fields appear
as superscripts: for ex,tmple tP"1I = Ru - O.

2.5. Intcl/ral ahhrcl'iatio1ls
Volume ,lnd surface integrals may be abbreviated by placing domain-subscripted

parentheses and brackets. respectively. around the integrand. For example:

(/)v ~·1./dV. Uls ~1./dS. Uk ~L/dS. Uls,~'L/dS. (21)

If f and g are vector functions, and p and q tensor functions, their inner product over V is
denoted in the usual manner:

and similarly for surface integrals, in which case brackets are used.

3. GENERALIZED STRAIN ENERGY FOR CLASSICAL ELASTICITY

The method used to construct parametrized micropolar variational principles in Section
4 represents a generalization of the corresponding principles of classical linear hyper
elasticity, which are summarized in this section. These principles have the general form

n = V-Po (23)

Here V is the generalized strain energy, which characterizes the stored enel'gy ofdeformation
and P is the forcing potential, which characterizes all other contributions. The conventional
form of P is

(24)

where 0'. = aTn, n being the unit external normal on S. The other two forms of P, called
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pJ and p' for displacement-generalized and traction-generalized, respectively. are studied
by Felippa (1989a. b, c). These (mesh-dependent) forms are of interest in hybrid finite
element discretizations, As the forcing potential is not affected by parametrization, attention
will be focused on U,

For a compressible material, the generalized strain energy introduced in Felippa and
Militello (1989,1990) has the following structure:

(25)

where}11 throughhJ are numerical coefficients, The three independent fields are stresses a.
strains eand displacements ii. Following the matrix notational conventions stated in Section
2.4 the derived fields that appear in (25) are

(26)

As an example, the U of Hu-Washizu's functional is obtained by setting}l, = - I, ill = I.
}" = I. all others being zero:

Equation (25) can be rewritten in matrix form as

u = : f. J:]' [II II

- 't,." symm,

jl'ljjC"]j,,1 c d V,illl c"

US)

where I denotes the 6 x 6 identity matrix. The functional-gem:rating symmetric matrix

II: ,JI 'j
J" I, ,

}:, i1'

(2tJ)

is seen to fully characterize (25) and consequently, once the forcing potential P is
selected, the functional (23), (To justify the symmetry of J note, for example, lhat
}I l(a,c"h = 0', 1(0', e"),+ 0', l(e",a")" elc,)

On replacing (26) into (28), U may be expressed in terms of the three independent
fields as

}IZI

}"E
h l D'E

(30)

Using (30) the first variation of U may be presented as

where

(31 )

The last term in (32) combines with contributions from the forcing potential variation,
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For example. if P is the conventional forcing potential (24). the complete variation of
nc = V_pc is

Using pd or pi does not change the volume terms. Consequently the Euler equations
associated with the volume terms of the first variation

.1e = O. .1(1 = O. div (1' + b = 0 (34)

are independent of the forcing potential. For consistency of the Euler equations with the
field equations ofclassical elasticity one must have.1e = 0. .1(1 = 0 and (1' = (1 if the assumed
stress and strain fields reduce to the exact ones. Therefore

(35)

Because of these constraints. the maximum number of independent parameters that define
the entries of matrix J is three. The specialization of these functionals to conventional and
parametrized forms is discussed by Felippa and Militello (1989. (990).

Insofar as E - I appears in (30). this development is valid only for compressible elasticity.
Extensions of this variational principle to cover incompressibility are discussed by Felippa
( 1(92).

4. GENERALIZED STRAIN ENERGY FOR MICROPOLAR ELASTICITY

por a micropolar elastic material without couple stresses the variational principle is
structurally similar to (23):

n", = V,,, - P,,,, (36)

where Um now also depends on S. ~ and O. and Pm may be p~". P~ or P~. The following
generalization of U to Um is postulated:

a T }lllo }12 1b }I JIb 0 0 0 e"

(1' }121b }22 1b }2J Ib 0 0 0 e

Um = ~i (1" }I JIb }2J Ib }JJlb 0 0 0 e"

s 0 0 0 }44 IJ }4S I J }4b l ] 4l dV. (37)
- v

s'" 0 0 0 }4S IJ }S SI) }Sb l ) q,
s"o 0 0 0 }4b l ) }Sb l ) }ob l ) q,"O

where 10 and I] denote the identity matrices of order 6 and 3, respectively, and the new
derived fields are

q,' = G'IS• s'" = G~. q,"O = Ru-O, suo = Gq,"O = G(Ru-O). (38)

The block structure of the kernel matrix in (37) results from the inner product orthogonality
(14) of symmetric and antisymmetric tensors. The symmetry of the} coefficients is an
assumption that remains to be verified.

On substituting (38) and (26) into (37). Um is expressed in terms of the six independently
varied fields a. e. u. s. ~ and 0:
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ill E- 1 il210 il)O 0 0 0
ii T ii

il210 i22 E h3 EO 0 0 0
e

it,Or i:3 0rE i11 0TEO i~oR r isoRTG -il>I>RrG
e

Urn = ~ i ii
+iI>I>RTGR

ii
V

- ..' ~
S

0 0 i~I>R iHG
1

i~jlJ -i~I>IJ
S

f$
0 0 isoGR j~sl1 jssG -jjl>G

f$
if

0 0 -iooGR -i,,,I) -j,,,G i""G
fJ

(39)

The kernel matrix in the above quadratic form must be symmetric. a condition that verifies
the symmetry assumptions in (37). As for the forcing poential. the conventional form
changes to

Similarly, the generalized forcing potentials p~~ and P:" arc obtained by augmenting P" and
pt. respectively. wi th ~ (c. 0) v + [ii - a. sj.S'". [Tht: ~ in the c tt:rm arises from tht: prt:sence or
factor 2 in the definition (9) or the microrotation vector 0.]

The first variation or Um is

(iUm = (L\e,lia), +(1\/1,1)':), -(I>I/1'+R I s',()ii),

+ (L\4), liS), + (L\s, 15f$h - (s'. lith + [/1;, + s;" (i ii" I" (41)

wht:re L\e, L\/1 and /1 art: the samt: as in (32). and

Note that (D 1/1' + R's') = div /1' +div 5' = div r', where r' = "'d' + "'5'. The first variation
of Om = Um - p;" is

150 m = (L\c,M),+(L\I1,Jc),-(divr'+b,Jii)v+(L\lj),c5s)v

+ (L\s, c5~lv - ~ (25' +C, e50) V + [< - t, 15 ii]s, - [ii - a. Ji,,]v (43)

Following the same argument as in Section 3, it is found that consistency with the field
equations requires, in addition to (35), that

(44)

It follows that the parametrized functional of micropolar elasticity

(45)

depends on 12 - 6 = 6 free parameters through Urn' Specific instances of (45) are char
acterized by the functional-generating symmetric matrix
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JII JI2 JI3 0 0 0

JI2 J" JZ3 0 0 0

JI3 123 JJ3 0 0 0
J m =

0 0 0 JH J~5 J46
(46)

0 0 0 J~5 J55 J56
0 0 0 J~6 J56 J66

subjected to the six constraints (35) and (44). The non-zero 3 x 3 blocks in J m characterize
weightings for symmetric and antisymmetric fields. respectively, and one is free to "mix or
match". For example,

0 -I I 0 0 0

-I I 0 0 0 0

I 0 0 0 0 0
J = 0 0 0 0 -I

(47)m I

0 0 0 -I I 0

0 0 0 I 0 0

represents the choice of the Hu-Washiw principle for both symmetric and antisymmetric
fields.

The variational principles of Reissner (1965) and Hughes and Brezzi (1989) will be
now examined in light of the prel.:eding developments.

S. NON-POLAR I'UNCTIONALS WITII INDEPENDENT ROTATIONS

5.1. The Rei.l'sner functional.l·
Reissner (1965) proposed a functional of Hellinger-Reissner type for classical (non

polar) elasticity (c = 0) in which u, l' and 0 are to be treated as independent fields. In this
functional the stress symmetry condition s = 0 appears as a weak condition with 0 playing
the role of multiplier. In the present notation the functional. herein called 0RI =
URI - p~, can be written as

(48)

where Vu is the gradient of the displacement vector. Expanding inner products, noting that
1'T (Vu -8) = 1'Ty"'</> = (-0'+ -S)T (-e" + -1'"'</», and making use of (13) yields

URI = -1(O:,ea)v+(O:,e"h'+(s,1'''o)v

= - 1(0:, ea)v+ 1(0:, e")v+ HO:",e)v+ hs, 1'''0) v + hs"o, ~h. (49)

This corresponds to taking

-I 0 I 0 0 0

0 0 0 0 0 0

I 0 0 0 0 0
J m = 0 0 0 0 0 I (50)

0 0 0 0 0 0

0 0 0 I 0 0

It can be seen that the first consistency condition in (44), namelyJ44 +J45 +J46 = 0, is violated.
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Consequently oRI is not a valid functional for micropolar elasticity. Inspection of (SOl
reveals that conditions (.g) can be met by simple changing)•• to - I. and that is precisel:
the regularization of Hughes-Brezzi described in Section 5.2.

Reissner also proposed a second functional OIl.: == UR~-P~ of Hu-Washizu type. in
which

UR2 == !(e. Ee)l + (a. e" -("0v + (s. 4>"" - ¢\

== !(O". e)+ !(a. e" -e) ~+ !(O"" -0"'. e"), + !(s. 4>"" - ~),+ !(s,,/I -s"'. 4>') ~. (51)

which corresponds to the J", of (47) except that }" == o. Now the second consistency
equation in (44) is violated. Thus this second functional is also inconsistent with micropolar
elasticity. but may be corrected by changing};; to I.

5.2. The Huqhes-Bre::::i jilflctiol/u/s
Hughes and Brezzi (19Sl}) investigated the possible application of the Reissner func

tiona Is to construct fini te elements with "drilling" degrees of freedom for c1assii.:al elastii.:ity.
Their analysis shows that the first Reissner functional would lead to uflstahle discrete
approximations. The physil:~t1 l:ause of this instability is that deviations from stress sym
metry do not produl:e strain energy. To l:irl:lllllvent that ditlkultyo they proposed stabilizing
UI{ 1 by adding a penalty-Ii ke term of the form

I
- ., _ (so s/,.

,,"I\:
(52)

where k: > () is a pseudo-modulus with dimensions of stress (in their paper this modulus is
l:~tIled 'I. a symbol used here for total strain). Although k: plays the S~lllle role as I\: in the
micropolar thcory. for the intended applil:ation it is ajictitiolls quantity to bc dlOsen by
numcrical cxperimcnts. Thc term (52) can bc cncompasscd in the present framework by
l:hoosing G == h'1 J, which allows that tcrm to bc written as - hs, 4>'h. Adding this to VI{I
yields the first H ughes~ Brczzi functional:

VII III == - ~(i.C Ir/~+(io Vii-fl),

- \(a. c") ~ - hs. 4>') ~ + ~(a, c"), + ~(O"". c) 1+ I(s. 4>,,0), + \(s"o, (~), (53)

This befits the form (37) with the generating matrix

-I 0 0 0 0

0 0 0 0 0 0

I 0 0 () 0 0

J"l = 0 () () -I () I
(54)

0 0 0 () () 0

0 0 () 0 0

whose coetllcients satisfy (35) and (44). Thus the stabilization procedure has also the effect
of renderin~ the functional consistent with micropolar dasticity.

For th~ sccond Reissner functional. the stabilization term added to VI{" is ~(s'i>. ~)~.
which effectively transforms the first term in (51) from (co Ee), to (Yo Cy),. The resulting

J m is (47).
An obvious generalization of this "repeating block" rule is
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)1' )'1 )'3 0 0 0

)11 )" h3 0 0 0

)'3 )13 )33 0 0 0
J =

0m 0 0 ill )'1 )13

0 0 0 ), z )zz h3

0 0 0 )13 )13 h3

2719

(55)

with the coefficients satisfying (35). This three-parameter family permits symmetric and
antisymmetric stress and strain fields to be merged into total stresses and strains. The
resulting functionals fl(i. j. ii. 0) may be viewed as having at most four independent fields.
Note. however. that this choice is but a special case of (46).

5.3. A two-field jil/lctional
The simplest generating matrix with the block structure (55) is

0 0 0 0 0 0

0 0 0 0 0 0

0 0 I 0 0 0
.',,, = 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

The resulting two-field functional is II" ::::: V" -I". with

V,dii.f)) ::::: !(a".c"h+ !(S"II.t/J"II)v.

(56)

(57)

This may be viewed as a generalization of the minimum potential energy functional. to
which it reduces if the second term is dropped. It can be obtained from a more general
functional for c1astoplasticity proposed by Atluri (19HO). who recommends taking ~ ::::: 4}1

in S"II ::::: ~t/J,,". Hughes and Hn::zzi (19HI.J) also investigated the functional (57) but made no
recommendation on ~.

6. CONCLUSIONS

The functional fl", ::::: V", - P'" extends the parametrized functional fl ::::: U - P ofclassi
cal linear hyperclasticity to include three more independently varied antisymmetric fields:
skew stresses. skew strains and micro rotations. This extension is made here in the context
of micropolar elasticity without couple stresses.

Another application of these functionals is the construction of finite clement inter
polations for classical line~lr elasticity in which the rotational field 0 is varied independently
from the displacements. The objective is to relax stress symmetry into a weak condition. It
is in this context that the functionals of Hughes Brezzi have been proposed. A membrane
element with drilling freedoms based on these functionals has recently been constructed by
Ibrahimbegovic (1990). The present study indicates that the Hughes-Brezzi functionals
fit the framework of micropolar elasticity if fictitious modulus ~ is identified with the
micropol~trmodulus 10:.

The Hughes-Brezzi functionals can be readily generalized into a three-parameter family
dctined by (55). in which the same weighting is applied to symmetric and antisymmetric
fields. However this isjust a subspace of the six-parameter functional (45) characterized by
the J", matrix (46). which allows such weights to be separately chosen.

Acknnll''''(~q,,"ll'nl''-The work has been supported by NASA Lewis Research Center under Grant NAG ]-934.
monitored by Dr C. C. Chamis.
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i\l'I'E"DI.\. 1'/\RA:\IFrRIZU) n:"CTIO"I\L lOR 1\ f\.lIl'ROI'OLt\R :\II:DI(i\1 WITII
COliPLE STRESSES

In thIS "ppemli., the pre<,<:dlll~ v"ri"tllln.tI fOrll111ldtllln IS l"t<:nlkd 10 d<'<'ount fnr th<: rres<:!K<: llf <,oup\<:
str<:sses III.,. '1',\\, <,h'ln~es in the licld <:qll'ltl(\I1S (\C<'UI' The dn~lIbr'lll(\lll<:ntllllleqllliihnlllll eqll'ltllHl g'lins 'I
di ....crgcIH..-e term

(/\1 )

The \.:ol1stituli ....c t:qll~ltIUt1S must he ;lUgl11L'llkd hy ~l rdatlon hel\\!t:L'1l till: couple slrt:ssl:s :tlld I1lI\..:rorut~lliull vl.:clor
denv;ltives. whidl for the isotropic <:'Ise is

( A2)

Here Tr,. Tr, 'Ind Tr, are constitutive coellieients with dllllension of force. and for compactness we have used the
lllierurut'lti(\nal vector cOlllponents II, = 211:,. 0: = 20" and fJ, .~ 20" in 'Ieeurdanee to the convention of eqn
(l)). The gr'llhents of 0, wtll be denoted by X" = 0,.,. which Illay be interpret<:d as "curvatures".

In addition. the boundary conditions (4) (SJ arc augmented with

Itl/I"I = Ill,,, u; on s. .. fJ, = /I OilS".

where S: S,,, uS,),
Ne.'!. define the vectors and matrices

III = :01 11 11122 In \ 1 "1 ~ \ 1nll 0'1: 11'\: In 1\ ''':1;'[

X'= (Xl \ X" '1.\1 X" Xil X" X" X, , ;(:1:. f

0 0 0 0 0 0
~

"
('XI () 0n: 4 it l '"

Tr, it"' "I 0 () 0 () () () () / ,i":x: ()

Tr, it l Tr, () 0 () 0 () () 0 () {"'i:x\

0 0 () () 0 0 () 0 ()
"

('x:
i:\

II () 0 0 0 () 0 Q
(.... 't...x\ () 0

0 ;r~ ",
0 (":,/"':x

1
()

() () 0 0 0 rr.~ () () it,
()

"
t.... X.l ()

0 0 () Tr, 0 0 () 0
() () , (.... \"1

0 0 0 0 Tr, 0 () IT: ()
f.... ("':x: 0 ()

0 0 0 0 0 h\ 0 () J'!:

IA4)

in whi<:h 1t, = 1t, .,-1t, + 1t,. ;l.latri~ II can b<: g<:neralized to account for al1lsotropy without dilliculty. Little is
known e~rerim<:ntallyabout eourle stress constituliv<: hehavior. l/(lwev<:r. e"en in the isotrorie cas<:.



Parametrized variational principles for micropolar elasticity

With the foregoing definitions. the matri.' field equations that include the effect of the couple stresses are

(A5)

The first two are appended to the kinematic relations (14) and constitutive equations (\5). respectively. whereas
the latter replaces the second of (16).

A parametrizl-d variational principle that accounts for couple stresses is easily obtained by including two
independently varied fields: couple stresses ,;, and curvatures i. Functionals em and P".. are augmented with
couple stress terms

where

Cm" = Um+C, •. P"..•• = P"..+P~,.

. If..j mIT [h'I' h.l. h'I'] jxmlc,. = 2" , m' j"l, j"L ~j dV.

mil ymm. j"l, X

p~. = [w. Ii]" + [0 -9. m.ls,.

(A6)

(A7)

(A8)

The derived fields in (A7) are m' = Hi. xm = H - 'm. X" = QO and mil = HQO; also I,. denoles the 9 x <) identity
matrix.

The first variation of n~" = U~, .• + P"..•• is

,) n~.. = (~c. cla) .. + (~tJ. ,lc),- (Rr~, + b. ,hi), + (~t/>. ,)s),
+ (~s. ,5';),- !(Qrm' + 1s' +c. Nj), + [~: - i. <hils,

- [u - a. M.I" + [m: - w. ,)ul,_ - [0-0. ,lnl.ls". (A.9)

where III' = i, .• li. +i".m' + i.• ,.m". The consistency cOllllitions are (J1l). (45) and

i."+},,+j,,. =0. },,+i,,+j, .• =0. i".+i, .• +j.•.• = I. (A 10)

It is seen that e,xtending the variational principle (45) to accomlllod;lte couple stresscs hrings three additional free
parameters. !i)r a tOlalof nine. This may he reduced to three free parameters. however. hy extending the rule (55)
with another J x J repeating hlock. Note that if one ehooses I.,. = I. others lero. U.• = J(tfrQrllQlf),.. and no
;Idditional independent lields other th;,n those in (45) appear.

The couple-stress theory of elastieity attracted theoretieal ;Iltention in the 19I1Os but it is r;lrely used in practice.
particul;lrly in static situations. For modeling micropolar ;llId oriented medi;\ the simpler elju;ltions of Section I
arc mon: common. This is eSJX-cially true in homogenization of tilamentary composite materials. where the body
couple c and the micropolar modulus" can be estimated from component-level non-polar data complemented by
statistical and periodicity arguments [sex for example. Berglund (1977)1,

Although couple stress modds can be generated in the continuum limit of regular and defective-lattice
theories [sec for example, Askar (\985)1. the diHiculties in characterizing and measuring moduli such as Il,. Il,

and Il, arc signiticant. and the theory has to be regarded as experimentally inconclusive. Furthermore the additional
boundary conditions (A3) are not easily interpreted physically. Conseljuently the main development of the paper
focuses on the zero-couple-stress case. This has the additional advantage that the reduction to the classieal non
polar case for finite element development is easily accomplished.


